Abstract. Mathematical models of physical systems often contain parameters with an imprecisely known and uncertain character. It is quite common to represent these parameters by means of random variables. Numerous methods have been developed to compute accurate approximations to solutions of equations with such parameters. This approach, however, may not be entirely justified when the uncertainty is due to vagueness or incomplete knowledge. For such cases, alternative uncertainty representations using tools from imprecise probability theory have been suggested. Among those, the fuzzy representation is probably most popular. In this paper, we consider numerical methods for solving partial differential equations with fuzzy coefficients. We demonstrate that spectral expansion methods, quite common in the random variable approach, can also be used effectively for solving fuzzy equations. We motivate the use of Chebyshev polynomials in the spectral representation and apply a Galerkin projection to convert the fuzzy problem into a high-dimensional deterministic one. Two preconditioners are proposed in order to efficiently solve the resulting high-dimensional algebraic system. A Fourier analysis demonstrates that both preconditioners yield a convergence rate that is independent of the spatial resolution and independent of the number of fuzzy variables and the polynomial order. The practical applicability of the algorithm is illustrated by means of two numerical experiments: a fuzzy heat transfer problem on an L-shaped domain and a fuzzy elasticity problem.
1.
Introduction. Mathematical models in science and engineering often contain uncertain parameters, such as the material properties of an inhomogeneous medium or the geometric size of an object that is manufactured to specific engineering tolerances. When the uncertainty is due to an inherently random underlying physical process or characteristic, it is called irreducible and aleatoric. Such parameters are typically represented as random variables, fields, or processes with a precisely defined probability structure. In many practical applications, however, the uncertainty has a different character. For example, in the early stages of an engineering design one may have only some vague idea about the material properties or dimensions that will be used in the final product. Such uncertainties, which arise due to lack of knowledge, imprecision, or vagueness, are called epistemic [33, 28] .
Whether or not probability theory is adequate or sufficient for the modeling of epistemic uncertainties is a matter of debate [35, 12, 17] . Laplace's principle of insufficient reason, for example, states that an uncertain parameter for which only bounds are known (i.e., an interval parameter) should be modeled by a uniform prior distribution function in a Bayesian updating framework. Against this reasoning, some
The definition of functions of fuzzy numbers, or more generally functions of fuzzy sets, is based on a very fundamental axiom in fuzzy set theory: Zadeh's extension principle. This principle defines how a map f : V → W operating on deterministic elements of V should be extended toward a map f : F (V ) → F(W ), operating on fuzzy sets in F (V ). It is the so-called fuzzification of that map. The direct application of the extension principle to compute a function of a fuzzy set numerically can be quite cumbersome. Fortunately, such a computation can be simplified considerably in many cases. It is proved in [30] that the α-cuts [f ( a)] α are equal to f ([ a] α ) if f is continuous and a is normal and compact. As such, the theorem below holds for fuzzy numbers and shows that the computation of a function of a fuzzy number is equivalent to a sequence of interval computations on successive α-cuts.
Theorem 2.1 (α-cut approach). Let f : V → W be a continuous map, and a ∈ F(V ) a compact normal fuzzy set. Then, the Zadeh extension of f satisfies [f ( a)] α = f ([ a] α ). (2)
This further simplifies to The extension principle also applies to the fuzzification of functions of several arguments. The situation is, however, somewhat more complex because the dependency structure between the arguments has to be taken into account. This mutual dependency between two or more fuzzy sets is defined by a joint membership function. In fuzzy set terminology, this dependency is called interactivity.
Definition 2.5 (interactivity, joint membership function). Let a ∈ F(V ) and b ∈ F(W ), and then the interactivity of a and b is defined by the joint membership function μ a, b
It is often assumed in fuzzy modeling that the different parameters are noninteractive.
Definition 2.6 (noninteractivity). Two fuzzy sets a ∈ F(V ) and b ∈ F(W ) are said to be noninteractive, i.e., independent, if μ a, b (a, b) = min(μ a (a), μ b (b)).
An important consequence of noninteractivity which we will need later is that for noninteractive fuzzy numbers ξ 1 , . . . , ξ dΞ ∈ F(R), the α-cuts of ξ := ( ξ 1 , . . . , ξ dΞ ) are hyperrectangles, i.e., Important for the definition and interpretation of fuzzy PDEs is the concept of a fuzzy field. A scalar fuzzy field a is a fuzzy set which varies over a spatial coordinate x ∈ Ω ⊂ R dΩ , i.e., a : Ω → F(R). While this is a useful intuitive definition, it does not provide direct information about the interactivity in the fuzzy field, i.e., the mutual interactivity of a(x) for different x ∈ Ω. This interactivity is, however, essential in Downloaded 04/29/14 to 134.58. 46 .125. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php the fuzzification process of differential operators, and hence in fuzzy PDEs. The joint membership function μ a of a(x) for all x ∈ Ω which assigns a degree of membership to different realizations a of the fuzzy field a is therefore much more convenient for defining a fuzzy field in the context of fuzzy PDEs.
Definition 2.7 (fuzzy field). A fuzzy field a over the spatial domain Ω ⊂ R dΩ is a fuzzy set over a function space V of functions defined on Ω, i.e., a ∈ F(V ).
The fuzzy elliptic model problem and its solution.
In this paper, we shall concentrate on an elliptic PDE defined on a d Ω -dimensional Lipschitz domain Ω ⊂ R dΩ with a fuzzy diffusion coefficient. This equation will be written as
) the fuzzy input field, and u ∈ F(H 1 0 (Ω)) the unknown fuzzy solution field. Finally, in order to ensure the problem is well-posed, we assume that all a ∈ [ a] 0 are strictly positive, i.e., there exists an > 0 for which a(x) ≥ almost everywhere for all a ∈ [ a] 0 .
Following the interpretation of fuzzy PDEs by Zadeh's extension principle, the fuzzy PDE is defined as the fuzzification of the parametric PDE
where a ∈ [ a] 0 is now a parameter, and u(·, a) ∈ H 1 0 (Ω) the corresponding solution. Using the solution operator S : The fuzzy field u thus contains all possible realizations of the form S(a) with a ∈ [ a] 0 , and each of those realizations is equipped with a membership level computed according to the extension principle (1).
Finite-dimensional noise assumption.
We will now introduce a finitedimensional noise assumption for the fuzzy input field a. It resembles the typical approximation of stochastic fields in PDEs with random coefficients by a truncated Karhunen-Loève expansion. That is, we will consider a fuzzy input field that is (or has been approximated by) a finite expansion of the form
where ξ 1 , . . . , ξ dΞ are assumed to be noninteractive fuzzy numbers and have a support
represents the main component of the fuzzy field a, while the other terms with a k ∈ L ∞ (Ω), k = 1, . . . , d Ξ , express the fuzzy variations of the field. The scaling factor σ is a positive scalar which will be used in the numerical results section to vary the magnitude of the fuzzy variation.
The parameterized representation of (4) now becomes
with parameter ξ :
dΞ , and solution operator S :
The specific form (6) of the Downloaded 04/29/14 to 134.58.46.125. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php S425 fuzzy input field combined with the assumption that all a ∈ [ a] 0 are strictly positive ensures that ξ → u(·, ξ) is analytic in a domain strictly larger than Ξ [7] . This is the main reason why spectral methods in the parameter domain are popular for solving this equation.
Remark. The modeling of fuzzy fields, or, more generally, epistemically uncertain fields, is a topic of intense, ongoing research; see, e.g., [29, 25, 45, 39, 16] and the references therein. A discussion on this modeling aspect is outside the scope of this paper. In our experiments we will use artificially constructed fields. The model will in fact be constructed from a truncated Karhunen-Loève expansion of a stochastic Gaussian field through the replacement of the random numbers with the fuzzy numbers ξ 1 , . . . , ξ dΞ . The experiments will demonstrate the robustness of our method against different choices for the field.
Distance function for fuzzy sets.
In order to measure the accuracy of a numerical approximation of the solution u of (4), we need a distance function. We will use the so-called supremum distance d ∞ for fuzzy sets [9] . Definition 2.9 (supremum distance). 
Computing that distance can be very hard in practice. For fuzzy sets which are defined as u := u( ξ) and 
where u := u( ξ) and v := v( ξ).
Proof. Combining Definition 2.9 and Theorem 2.1, we get
This can be bounded as
Together with (10) , this completes the proof. 3. Discretization of the parameter space and of the physical space.
3.1. A response surface approach. For engineering applications, one may be interested in computing the pointwise values of the fuzzy field u at different nodes of a spatial mesh. This can be done by the α-cut approach described in Theorem 2.1 using the exact solution operator S of a spatially discretized version of (7) . This amounts to a minimization and maximization procedure for each α-level considered, as well as for each grid point at which the fuzzy solution is required. Due to the cost of evaluating S and due to the possibly huge number of optimization problems, the above procedure rapidly becomes prohibitively expensive. In order to reduce the computational cost, it is therefore common to construct an approximating response surface over the parameter domain Ξ, during a preprocessing stage [1, 8, 20] . The fuzzy solution u is then approximated by u r , which is in its parameterized form given by
where
is a set of given basis functions and {u
the set of coefficients. Such a response surface can be constructed by interpolation, although other criteria are equally possible. Here, we will construct a response surface for model problem (4) by a Galerkin approach.
Once constructed, the response surface can be used as a cheap alternative to the expensive solution operator S to compute different quantities of interest, such as pointwise evaluations or more complicated functionals of u. Assuming that both ξ → u(·, ξ) and ξ → u r (·, ξ) are W -valued continuous functions over Ξ, with W some Banach space, and assuming that the quantity of interest is represented by a continuous linear functional L ∈ W * , we can compute L( u r ) by the α-cut approach (see Theorem 2.1):
The error introduced by the use of the response surface instead of the exact solution operator can be estimated using Corollary 2.1:
3.2. Spectral Galerkin approximation. The Galerkin approximation to the fuzzy solution starts from the weak formulation of the parameterized problem (7) . First, we define the space of all square integrable functions L 2 w (Ξ) for a weighting function w. The weak formulation of (7) then reads as follows: 
Discretizing (16) with a(x, ξ) represented by (6) , we arrive at the algebraic matrix formulation
Here, G 0 equals the identity matrix I n ψ , and
The vector u collects the scalars u i,j in (17) columnwise.
We choose the (normalized) Chebsyhev weight function
This is motivated by the fact that a L 2 w projection, with Chebyshev weight w, of a continuous function on a Chebyshev basis results in a quasi-optimal approximation in the L ∞ -norm.
4.
Two preconditioners for the discrete system. The major computational cost in solving a fuzzy PDE results from solving the high-dimensional n ψ n φ × n ψ n φ system (18) . In the context of stochastic PDEs-which after a polynomial chaos discretization yield a system with a similar structure to (18)-a lot of research on iterative solvers for the high-dimensional algebraic systems has been done; see, for example, [37] . In this section, we adapt some of the popular solvers for stochastic Galerkin finite element systems to fuzzy Galerkin discretizations, and we analyze how the use of Chebyshev polynomials influences the convergence. Downloaded 04/29/14 to 134.58.46.125. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php 4.1. Center-based preconditioner. Similar to a mean-based preconditioner [34, 43] , a straightforward preconditioner to (18) is given by (25) I n ψ ⊗ A 0 .
The concept of a mean value does not really make sense in a fuzzy context, so we shall use a different name. We call this preconditioner the center-based preconditioner, since it corresponds to the diffusion coefficient obtained by evaluating the parameters at the center of the parameter hypercube. In practice when applying this preconditioner, the inversion of A 0 is approximated by, e.g., one multigrid cycle. The convergence properties of this preconditioner follow from Theorem 4. 
Proof. The eigenvalues λ can be written as λ = θ + 1, where θ satisfies
Using properties of the Kronecker product and the fact that G 0 is the identity matrix results in
Applying Lemma 3.2 in [34] , we find that the eigenvalues of A
From [38] , we have that the eigenvalues of 0 A k lie also in the interval given by (28) . Bounding the eigenvalues of (27) by the eigenvalue bounds of the matrices in the sum yields
and θ max ≤ τ with τ specified as (26) . From this, the result follows. (25) , is independent of the mesh size h and of the polynomial order p when a Chebyshev polynomial discretization is used to define the matrices G k in (19) .
Corollary 4.2. The number of iterations required to solve the algebraic system (18) with the conjugate gradients (CG) method, preconditioned by the center-based preconditioner
From Theorem (4.1), we do notice that the convergence may degrade when large parameter variations occur (e.g., by a large value σ). Downloaded 04/29/14 to 134.58.46.125. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php 4.2. Collective smoothing multigrid method. Based on earlier positive experiences with multigrid for stochastic Galerkin finite element discretizations [22, 38, 14, 36] , we also propose a point-based multigrid strategy for the fuzzy Galerkin systems (18) . The pointwise nature means that all the unknowns resulting from the fuzzy discretization will be updated simultaneously per grid point.
Smoothing operator. We suggest the use of a collective smoothing operator. Two variants will be considered. In the block Gauss-Seidel smoother each mesh point is visited sequentially, one after the other, and, locally, a linear system of size n ψ × n ψ is solved. That linear system couples all degrees of freedom that are physically located at that particular grid point. The second variant is the block Jacobi smoother, where the values at the different grid points are updated in parallel. In terms of a classical matrix splitting iteration, the smoothing operator can be written as
k equals the (scaled) diagonal part of A k or the lower triangular part in the case of a block Jacobi or a block Gauss-Seidel smoother, respectively. Every smoothing iteration (29) entails the solution of n φ sparse systems, each of size n ψ × n ψ . These systems can be solved, for example, by a direct solver.
Intergrid transfer operators and coarse grid operators. Coarsening will be done in the spatial dimensions only. A hierarchy of spatial grids is constructed, and the same hierarchy is used for each of the fuzzy unknowns. For the Fourier analysis and accompanying numerical results in section 5, we use standard coarsening by a factor of 2 in each spatial dimension, and the coarse grid operator is constructed by rediscretization. For the irregular mesh numerical results in section 6, an algebraic coarsening is used based on the matrix A 0 . The latter matrix is provided as input to a standard algebraic multigrid (AMG) code for deterministic PDEs, which analyzes the properties of the matrix and generates a sequence of meshes together with the corresponding intergrid transfer operators. Denote by R l−1 l a restriction operator originating from a multigrid hierarchy for the deterministic matrix A 0 at multigrid level l, and by P l l−1 , the corresponding prolongation operator. The intergrid transfer operators for the system (18) are then given by
The coarse grid operator is then constructed in the classical Galerkin way.
Local Fourier mode convergence analysis.
In [38, 37] , an LFA of multigrid applied to a stochastic Galerkin discretization of stochastic elliptic problems is detailed and numerical results are given for the case of a Hermite or Legendre polynomial stochastic discretization. The LFA of multigrid applied to fuzzy PDEs proceeds similarly, but the modified definition of the fuzzy discretization matrices has to be taken into account, which now uses Chebyshev polynomials. Below we summarize the main components of the Fourier analysis. Our model problem and its discretization are such that a direct comparison is possible with the corresponding results for the stochastic Galerkin case in [38, 37] . The considered problem is a two-dimensional diffusion equation, (31) , discretized by finite differences. In principle, a Fourier analysis for a spatial finite element discretization could also be possible. However, the latter is somewhat technically more involved, especially for variable coefficient problems, Downloaded 04/29/14 to 134.58.46.125. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php and does not really lead to an additional insight for the problem considered here. The numerical results in section 5.5 show the effect of the Chebyshev polynomial discretization on the convergence factors.
Model problem for LFA.
We apply an LFA analysis to the following two-dimensional model problem:
is a vector of noninteractive fuzzy numbers and Ξ := [ ξ] 0 is the parameter domain. An infinite spatial domain Ω := R dΩ is assumed in order to eliminate the effect of boundary conditions. We apply the fuzzy Galerkin discretization described in section 3.2 to (31). The spatial discretization uses a standard five-point finite difference scheme on a rectangular grid Ω h = {(ih, jh)} i,j∈Z with grid spacing h in x 1 -and x 2 -directions. Using the orthonormality of the Chebyshev polynomials, we arrive at the following algebraic system:
where u i,j ∈ R n ψ ×1 represents the discrete approximation to u at grid point (ih, jh), f i,j corresponds to f (ih, jh), and g is defined as in (22) . The fuzzy discretization is captured by the (n ψ × n ψ )-matrix M i,j , which is defined as
Note that in the case of a variable coefficient problem, LFA is performed by freezing each coefficient to its value at the considered grid point (ih, jh) [50] . For problem (31) , this corresponds to replacing the fuzzy field a(x, ξ) by a fuzzy number a( ξ). As such, M i,j can be considered to be a fixed known matrix, which will be denoted as M .
When the equations are collected over all grid points, a linear system of equations results,
The dimension of L h equals the number of spatial grid points multiplied by n ψ .
Local Fourier representation.
In order to set up a LFA, we decompose the iteration error into a sum of exponential Fourier grid modes of the form (34) e(θ, z) = exp ı (iθ x1 + jθ x2 ) z,
, and ı represents the imaginary unit. Note that the linear discrete operator L h in (33) is invariant to e(θ, z):
where the symbol 
Hence, the Fourier mode e(θ, z m ) is an eigenfunction of the (frozen) discrete differential operator.
Smoothing analysis.
For many stationary iterative methods, e.g., Jacobi and lexicographic Gauss-Seidel iterations, the Fourier modes (34) 
with ρ( S h (θ)) the spectral radius of S h (θ).
Applying the block Gauss-Seidel and damped block Jacobi iteration operator characterized by (29) to the Fourier mode (34), we find that
where the symbols S h are, respectively, given by
Here, ω represents the Jacobi damping factor and λ m equals the eigenvalue of M corresponding to the eigenvector z m . Proceeding analogously to [38, 37] , the optimal damping factor ω can be determined, as can the symbols of other classical (block) splitting iterations.
Two-grid analysis.
To determine the action of a two-grid operator on the Fourier modes (34), the Fourier space is decomposed into subspaces spanned by four harmonics, H(θ, z) := span[e (θ 1 , z), e(θ 2 , z), e(θ 3 , z), e(θ 4 , z) ], for a given
2 with
These spaces are invariant under the fine and coarse grid discrete differential operators and under certain smoothing operators. The action of a smoothing operator on an element of such a space can be described by a (4 × 4) diagonal matrix S h (θ, λ m ) with 
The prolongation operator (30) maps the mode e(2θ, z) onto H(θ, z) [42] . In the case of bilinear interpolation, it is characterized by the symbol P h 2h (θ), which is given by
Using standard coarsening, the restriction operator maps the space H(θ, z) onto the single mode e(θ 1 , z). The corresponding Fourier representation is given by R
T . In summary, the action of the two-grid operator, specified in section 4.2 and applied to the differential operator (32) on the space H(θ, z), is characterized by
where ν 1 and ν 2 are the number of presmoothing, respectively, postsmoothing, steps, and I 4 ∈ R 4×4 is an identity matrix. Under the assumption that the variation of the coefficient a is sufficiently smooth, the asymptotic convergence factor of the two-grid scheme is defined as (39) ρ T G = max
Numerical results.
We shall demonstrate the correctness and accuracy of the Fourier analysis and comment on the convergence properties of the methods proposed in section 4. We consider model problem (31) on a unit square Ω = [0, 1] 2 with zero Dirichlet boundary conditions. The fuzzy diffusion coefficient a is given by a linear combination of d Ξ triangular fuzzy numbers as in (6) . The functions a k (x) are constructed as a k (x) = √ κ k v k (x) with κ k and v k , respectively, the eigenvalues and eigenfunctions of an exponential kernel C(x, x ) = exp(− x − x 1 ). Table 1 shows the theoretical multigrid convergence factors obtained by the LFA for various choices of the discretization parameters. These values were obtained numerically from (39) by an exhaustive search over the grid Ω h and the spectrum σ(M i,j ) and a fine grid sampling
Collective smoothing multigrid method.
2 . The eigenvalues σ(M i,j ) were computed numerically from the explicitly constructed matrices M i,j . Further, the table also provides numerically observed convergence factors, obtained with an implementation of the algorithm. The numerical results confirm the accuracy of the LFA results. Table 1 demonstrates the robust convergence behavior of multigrid: the convergence factors are independent of the spatial and fuzzy discretization parameters and are only slightly influenced by the width of the support of the fuzzy field, as determined by σ. Downloaded 04/29/14 to 134.58.46.125. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php 
Center-based preconditioner.
The LFA presented for the collective smoothing multigrid method can also be applied to other iterative methods. As a standalone solver, the center-based preconditioner can be interpreted as block Jacobi method. For the model problem, it can be formulated as
where M + equals the diagonal part of M and M − = M − M + . The equivalence between the preconditioner (25) and the iteration (40) follows from the orthonormality of the polynomial basis. Indeed, G 0 ≡ I n ψ and the diagonal elements of G k , k = 1, . . . , d Ξ are zero, as proved in [37] . Table 2 illustrates the LFA convergence factors of (40) . The computation of these convergence factors is based on the LFA derivation given in [37] , adapted to the use of Chebyshev polynomials. Although the convergence factors in Table 2 behave less regularly than in Table 1 the convergence behavior on the discretization parameters. This property is also confirmed by Theorem 4.1.
As a straightforward extension to iteration (40), we can also consider the block Gauss-Seidel variant, in which case M + in (40) equals the lower triangular part of M . The LFA convergence factors of the block Gauss-Seidel case are given in Table 3 .
Comparing the results in Table 1 to those in Table 3 , we note the smaller convergence factors of the block Gauss-Seidel method in comparison to the multigrid method. Each iteration of (40) is, however, substantially more expensive than one multigrid iteration since several systems of the size of the number of deterministic unknowns have to be solved during every iteration. The same holds for the method corresponding to Table 2 . These expensive solves will be approximated by one deterministic multigrid cycle when applying the center-based preconditioner to practical examples.
Numerical experiments.
In this section, we verify the accuracy of our spectral Galerkin discretization approach numerically, and we demonstrate the convergence properties of the proposed iterative solvers on two model problems. The accuracy of the computed solutions will be assessed in the L ∞ (Ξ; H 1 (Ω))-norm; see Corollary 2.1. In all numerical experiments, we iterate until the Euclidean norm of the relative residual is smaller than 10 −9 .
Diffusion equation on an L-shaped domain.
6.1.1. Problem setup. We consider the diffusion equation (4) on an L-shaped domain, as depicted in Figure 1(a) , together with Dirichlet and Neumann boundary conditions. The source term f (x) is set to zero. The spatial domain is partitioned in three regions, Ω = Ω 1 ∪ Ω 2 ∪ Ω 3 . The fuzzy diffusion coefficient is modeled independently in each of the subdomains by an expansion of the form (6) The fuzzy solution is depicted in Figures 1(b) and 2 . A third-order Chebyshev discretization of the fuzzy parameter space with d Ξ,1 = 1, d Ξ,2 = 2, and d Ξ,3 = 3 is applied, along with a spatial triangular finite element mesh using n φ = 32,499 degrees of freedom. Figures 3 and 4 illustrate the accuracy of the Chebyshev response surface obtained via the spectral Galerkin approach for different sets of parameters. Only the error by the discretization in the fuzzy dimension is considered, not the error from the spatial discretization. The size of the fuzzy error can be estimated by using Theorem 2.1, which provides an upper bound for the distance between two fuzzy fields. That is, we compute the L ∞ (Ξ; H 1 (Ω))-norm of the error, which is given by
Accuracy of spectral Galerkin approximation.
Here u g n φ ,n ψ is the computed response surface (17) , and u g n φ is the finite element solution of the parametric PDE (7). The L ∞ -norm over the uncertainty domain Ξ in (41) is approximated on the basis of a uniform quasi-Monte Carlo sampling of the parameter domain Ξ with 10 4 samples. Each such sample requires the solution of one deterministic PDE of the form (7) and one evaluation of the response surface. The figures show the relative error u For all sets of the parameters, an exponential decay of the fuzzy error is observed. The deviations of the exponential convergence in Figure 4 for polynomial degree p = 5 are due to the relative accuracy of 10 −9 in the Euclidian norm of the iterative solver. The difference in slope of the convergence graphs for different sets of parameters is caused by a difference in the width of the support of the fuzzy diffusion coefficient a. Finally, Figure 3(b) shows the error as a function of the number of fuzzy degrees of freedom n ψ = (dΞ+p)! dΞ!p! . The number of fuzzy degrees of freedom determines the size of the G k -matrices and is a good indicator for the amount of computational work (see section 6.1.3 below).
Convergence properties of iterative solvers.
In this section, we compare the convergence properties and execution times of the iterative solvers proposed in section 4 when applied to the fuzzy diffusion equation on the L-shaped domain. In the case of the center-based preconditioner (25), we approximate the inversion of A 0 with one multigrid V(1,1)-cycle. Given an unstructured finite element discretization, Downloaded 04/29/14 to 134.58.46.125. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php Table 4 Number Figure 1 we use Ruge-Stüben AMG [40] with Gauss-Seidel smoother. In the case of the collective smoothing multigrid method, we also consider the AMG variant and use this as preconditioner for the CG method. We apply W(2,1)-cycles with a block Jacobi smoother with damping factor 4/5. In both cases, the same AMG building blocks are used to construct the prolongation and coarse grid operators. Table 4 shows the required number of iterations and solution time of CG preconditioned by either the center-based preconditioner or the collective smoothing multigrid method for a variety of parameter settings. We observe for both preconditioners a robust convergence behavior with respect to the number of spatial nodes and the polynomial order. The slight increase in iteration count for the center-based preconditioner in the case of a growing number of fuzzy numbers can be explained from the enlargement of the support of a in (6) when more-nonnegligible-expansion terms are taken into account. The effect of the width of the support is more clearly visible in the last row of Table 4 , which shows an increase of iteration counts for the center-based preconditioner for large values of σ/a 0 .
of iterations and (in brackets) solution time in seconds for solving a fuzzy diffusion equation on the L-shaped domain depicted in

Spatial nodes
This table also presents solution times of the center-based and the collective smoothing multigrid preconditioner. Obviously, it is a delicate matter to compare timing results of two different codes, since they reflect not just algorithmic issues but also a multitude of implementation aspects. For what it is worth, we observe that both codes perform similarly overall. However, our current implementation of the center-based preconditioner appears to be faster than the collective smoothing multigrid implementation. This is mainly due to a lower set-up cost and a cheaper matrix-vector product. one traction boundary on the right. All other boundaries are free. Denote by u := (u x1 (x), u x2 (x)) the displacement vector describing the deformation of the material depicted in Figure 5 under a load vector f := (f x1 (x), f x2 (x)) and a boundary traction t := (t x1 (x), t x2 (x)). Assuming isotropic and isothermal conditions, the displacement u is governed by
where C is the fourth-order stiffness tensor and : denotes the matrix inner product [4] . The fourth-order stiffness tensor can be written as composed of four 2-by-2 matrices
given the Young's modulus E and Poisson's ratio ν of the material. Equations (42)- (43) follow from the constitutive equations for the stress, i.e., σ = C : , combined with the strain-displacement equations for the strain tensor
Assuming uncertain material parameters, we model the Young's modulus as a fuzzy field E. As a consequence, we have a fuzzy displacement u, a fuzzy strain , and fuzzy stress σ. The notation · denotes that all vector/tensor entries are given by fuzzy fields instead of deterministic fields.
In displacement vector using σ = 5 · 10 −2 E 0 , a spatial triangular mesh with n φ = 59,666 degrees of freedom, d Ξ = 6, and a third-order Chebyshev polynomial response surface. The cross section is taken at x 1 = 0.25.
Accuracy of spectral Galerkin approximation.
Similarly as for the fuzzy diffusion problem, we investigate the accuracy of the Chebyshev response surface approximation. To that end, we again apply Corollary 2.1 and measure the fuzzy error in the L ∞ (Ξ; H 1 (Ω))-norm, see (41) , using a uniform quasi-Monte Carlo sampling of the parameter space Ξ with 10 4 samples. Figures 8 and 9 show that for all variations of the parameters an exponential convergence of the fuzzy error is obtained for the plane stress problem.
Convergence properties of iterative solvers.
Although the iterative solvers proposed in section 4 were originally developed for solving the Galerkin discretization of a scalar fuzzy PDE, they can easily be extended to the solution of a system of fuzzy elliptic PDEs, as in (42) . In the case of a PDE system, the definition of the center-based preconditioner remains given by (25) , but the multigrid components of the collective smoothing multigrid method described in section 4.2 require modifications. These modifications are also needed for the multigrid solver that is used to invert the A 0 -matrix in the center-based preconditioner (25) approximately.
Applying AMG for scalar PDEs straightforwardly to PDE systems is known to often result in a performance degradation [42] . Typical multigrid solutions for PDE systems include the unknown-based and point-based multigrid approach [40] . These multigrid methods apply a blockwise construction of the prolongation and coarse grid operators, and possibly also of the relaxation operators. The block size is determined Downloaded 04/29/14 to 134.58.46.125. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php either by the number of degrees of freedom per physical unknown in the unknownbased case, or by the number of unknowns per spatial node in the point-based case. An additional multigrid difficulty arises in the context of elasticity problems. Classical AMG interpolation operators do not adequately represent the null-space of the corresponding PDE operator, which consists of the so-called rigid body modes. In the case of a two-dimensional plane stress problem, the rigid body modes are composed of two translations and one rotation vector. The translations are captured in the coarse grid operator when using classical (Ruge-Stüben) AMG, but the rotation is not. As a result, the convergence of unknown-based classical AMG deteriorates in the case that the system is nearly singular, i.e., when Dirichlet boundary conditions are imposed on only a small part of the domain. To resolve this issue, several solutions have been proposed. We follow the approach detailed in [44] , where a point-based smoothed aggregation AMG is proposed that makes use of the prior knowledge of the rigid body modes.
The smoothed aggregation AMG setup is used both as part of the center-based preconditioner and for constructing the multigrid hierarchy for the collective smoothing multigrid preconditioner. That is, the inversion of the center-based matrix A 0 in the center-based preconditioner is approximated by a V (1, 1)-AMG cycle with Gauss-Seidel smoother and smoothed aggregation AMG interpolation matrices. The Downloaded 04/29/14 to 134.58.46.125. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php Table 5 Number of iterations and (in brackets) solution time in seconds for solving the fuzzy plane stress problem on the domain depicted in Figure 5 , with CG preconditioned by the center-based preconditioner or the collective smoothing multigrid approach. Unless specified otherwise, the following parameters are used: n φ = 59 666, d Ξ = 3, p = 2, n ψ = 10, σ/E 0 = 10 −2 . collective smoothing multigrid method applies W (2, 2)-cycles with a collective Jacobi smoother with a damping factor of 2/3. Table 5 illustrates the convergence of the methods. We note that similar optimal convergence properties are observed as for the fuzzy diffusion problem: a convergence rate that is independent of the size of the spatial and fuzzy discretization parameters. The center-based preconditioner is, however, in contrast to the multigrid method, not robust with respect to the width of the support of the fuzzy input. The computational cost of the collective smoothing method is again overall higher than the cost of the center-based preconditioner.
Spatial nodes
7.
Conclusions. This paper presented a numerical study and analysis of a spectral Galerkin method for solving fuzzy PDEs. In the literature, the response surfaces for solving fuzzy PDEs are typically constructed by means of a sparse grid interpolation or very generic response surface techniques like Kriging. Here, we demonstrated that spectral Galerkin methods, originally created for stochastic PDEs, can also be applied very effectively for solving fuzzy PDEs.
In the fuzzy context, the accuracy of an approximation is measured in a quite different norm than in the stochastic context. This leads us to use Chebyshev expansions rather than the more classical Hermite or Legendre expansions that are used for stochastic PDEs. This Chebyshev representation turns out to yield very accurate (in the fuzzy sense) approximations. We numerically demonstrated exponential convergence for two nontrivial example problems. The convergence properties of the two preconditioners developed in this paper were shown to be optimal w.r.t. the discretization parameters. This was shown both theoretically, by means of a local Fourier mode analysis, as well as numerically, by means of an extensive set of numerical experiments. A numerical convergence study on a fuzzy diffusion problem and a fuzzy elasticity problem showed that both methods perform quite well, also on problems defined on irregular meshes and for systems of equations. The center-based preconditioner turned out to be the most efficient solver overall. On the other hand, the Downloaded 04/29/14 to 134.58.46.125. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php collective smoothing multigrid outperforms the center-based preconditioner w.r.t. robustness, by showing an almost constant number of iterations over a very wide range of parameter values.
